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Abstract. The paper presents a summary of the work done on the application of underground
mining methods in the backfilling of ore deposits. In addition, basic information for future
research is provided. The analysis of the numerical calculations showed that at the initial
stage of ore deposit development, the active reaction of the reagent supplied by injection
wells occurs around the wells, and as shown by numerical calculations in the computer
system, this area expands over time depending on the permeability and porosity of the ore
deposit. In this study, an extensive literature review and gap analysis are used to identify the
limitations and opportunities for further research on the in-situ leaching (ISL) method for ore
mining for integrated resource development planning. Moreover, our goal is to improve the
methods of mining various minerals using the underground leaching method and to create a
mathematical model for it based on the work performed. We believe that the extraction of
minerals, especially ores, has always been and will be a pressing economic and political issue.
Therefore, the demand for research in this area will continue to grow.

Keywords: In-situ leaching, mathematical model, mining process, modeling, uranium
deposit, Darcy’s law.

1 INTRODUCTION

It is important that a strategic mine plan makes optimum use of the available resources and provides a
consistent supply of quality ore to ensure sustainable production and profitability. This requires the
development of a well-integrated strategy of underground mining options and their interactions.
Understanding the current tools and methodologies used in the mining industry for underground mining
options and transition planning is essential to address complex and deep deposits that are amenable to
underground mining.

Fundamental scientific research aimed at developing and improving the methodology of mathematical
modeling of complex heat and mass transfer processes based on high-performance computer computing
systems is very relevant and is carried out in many leading scientific centers and higher educational
institutions around the world.

It is known that modern mining science today pays special attention to the development of new
technological methods for the extraction of minerals [1-7]. This is natural, because the development of
society leads to an increase in the material and technical base of the national economy and the demand for
their rational use. The processed deposits are located underground in conditions of strong waterlogging,
consist of wet sandy rocks and, of course, very poor ores, and the efficiency of extraction depends only on
the use of advanced technological processes and high-level mining operations.

The development of deposits by traditional methods has very limited possibilities. In recent years,
extensive research has been conducted to process such deposits by geological methods. It is known that
physicochemical, diffusion hydrodynamic processes occur in the extraction of useful elements from the
earth's crust. Geotechnical methods used to control processes the underground mixing method is of
particular importance because it does not have a negative impact on environmental protection, since its use
does not harm the surface and air layers at all.

In-Situ leaching (ISL) is a method of mineral extraction in permeable media, which involves
constructing a network of injection and production wells. Through this network, a solution such as sulfuric
acid is pumped into the strata to dissolve solid minerals, enabling extraction. The process is controlled by
managing the flow rate and the concentration of the injected solution, and the resulting product is extracted
through well filters. This article reviews the work done on mathematical modeling of the hydrodynamic
processes of ISL during ore deposit development. It emphasizes the importance of a strategic mining plan
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to ensure optimal resource utilization, sustainable mining practices, and profitability through a consistent
supply of high-quality ore.

Developing a well-integrated extraction strategy for underground mines and their interactions is
crucial. Understanding current tools and methodologies for planning transitions in underground mining is
critical for handling complex and deeply situated ore bodies. This research includes an extensive literature
review and analysis of gaps, which can inform further studies on optimizing transitions and opportunities
in underground mining to enhance comprehensive resource development planning.

This article analyzes the work of a number of scientists on mathematical models (MM) of ISL in the
process of ore deposit development. During these studies, several methods were used to solve the problem
numerically. For example, stream mining, iteration, etc. In addition, studies on modeling the removal of
pollutants from the production area after the mining process are also considered. A device that injects liquid
into the ground and removes the mixture formed underground. The technical classification of wells that
inject fluid underground and extract the mixture formed underground is presented in the figure 1.
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<

Fig. 1. Technical classification of wells for fluid injection and extraction

2 ANALYSIS OF METHODS

The article [1] examined the hydrodynamic process of ISL, which was used to extract valuable metals
from ore deposits by treating the collector with acid. A MM based on filtration-convective and diffusion
processes has been developed to thoroughly study, monitor, and forecast the object. This article was
described by following MM. In this case, the propagation of the pressure field H (X, y,t) was determined

from the equations of the elastic filtration regime:

2 ki yhex y) YD

{k(x y)h(x.y) aH(gyy LA .

= pm(x,y)h(x, y) HEY (X A

with initial conditions

+ fl(X1 y1t)1 (X1 y) € G;

H(x y,t)=H°(x,y); t=0, @)
and boundary conditions

o TS 1-a)H (1, y.) =y, ®

The propagation of the reactant field was determined by solving the convective diffusion equation with
the corresponding conditions:
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with initial and boundary conditions,
C.(xy.D)=Co(xy); t=0, C(xVy,1)=0, (XYy)eG 5)

and also, internal conditions in wells:

C (X y t) C3| (X, y) € GO’ (6)
oC,(x,y,1) _
T 0; (X,y)eG,.

The desired distribution of the concentration function of the useful component was determined by
solving the following equation with the corresponding conditions:

oC (x y,t) oC,(x,y,t)
8X|:DXX( y) + ny(X1 y)T +
N % D, (X,y) 8ng; b, (x,y) 8Cz(a>; y.t)}_ oV, (x, y,g)fz(x, yh)_ @
OV (G 1) _ ) AC,(x,yi1) aN
o o (X, y)eG,
with initial conditions
C, (X, y,t) =C, (X, Y); t=0, (8)
and boundary conditions
a2 OID 4 1-a)C, (0 y ) =p(x ) (4Y) <G, ®

and also, internal conditions in wells:
C.(xy.t)=Cii  (XY)eGy
oC,(x,y,t) _ (10)
e 2El=0 (xY)eG,

The equation of mass exchanged kinetics, which determined the rate of transition of a substance from
one phase to another, has the following form:

w:]/(cl) f (C21 N 1t)1

N(x,y,t)=N°(x,y); t=0, (X,¥)eG,

where, H (X, Yy,t) is the variable head at the current point with coordinates (X, y) at an arbitrary point in
time t(m), @(X,y,t) pressure value at the boundary (m), k(x,y) is the filtration coefficient (m/day),
h(X, Y) is thickness of the ore-bearing horizon (m), tis time, ) is the specific weight of leached reagent

(11)

(kg/m?3), C is the concentration of minerals, G is the area of ore-bearing horizon, G, is the boundary of the
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area, M (X,z)=mg, m is the porosity, A is the coefficient of elastic capacity (cm3/kg),
f (X, y,t) = Zn:qi (t)5(X— X,y — yi), q; (t) is well flow rates, ¢ is the delta function.

This model took into account key hydrodynamic indicators such as the filtration coefficient and
changes in the porosity of the medium, as well as the process’s dependence on pressure and kinetics.
Protecting groundwater from sources of pollution was also a primary objective of the research. The problem
was described by a multidimensional system of quasi-linear partial differential equations, making an
analytical solution a challenging task. To address this issue, conservative difference schemes and basic
flow-driving methods were applied. Subsequently, the two-dimensional problem was transformed into a
chain of one-dimensional problems, and computational experiments are conducted on a cluster, with the
results presented in graphical form. As the authors of the article claim, over time, this area expand
depending on the permeability and porosity of the ore deposit and eventually reach the boundary of the ore
layer after a certain period. It has been shown that for high-pressure values in the porous layer, the filtration
coefficient and porosity should be calculated as an exponential function of pressure, while for low-pressure
values, they should be calculated as a linear function of pressure.

In the [2] scientific research, expanding the application boundaries of the ISL method and exploring
ways and tools for its used in deposits containing valuable minerals remain key tasks in this field.
Monitoring groundwater levels in ISL regions is an important aspect of hydrogeological research. This
monitoring allows for the assessment of filtration methods and rates of technological solutions, potential
losses of technological solutions, hydraulic connections between productive aquifers and barren horizons,
and the stability of the hydrodynamic regime in the studied area. The article's MM closely resembles the
initial model, although some discrepancies exist. Instead of variable y and area G, , z and I" were used, (1)

main equation and (2) initial condition were similar to equation of [1] work, and boundry conditions
H(x,z,t)=H,(x,zt), (x2)eTl. (12)

The obtained difference problem was solved by the methods of longitudinal-transverse scheme and the
flow variant of the sweep method.

Studies by Kazakh scientists [3-7] have demonstrate the relevance of investigating ore extraction
process models using the ISL method, enabling the evaluation of the dynamics of this technological process.
For instance, in [3], increasing the efficiency of the extraction process and solving associated challenges
leds to growing attention on modeling the ISL process. In the article [3], a MM of the underground leaching
technological system was constructed as follows:

dH
WTM:QM_Qob' (13)
In equation (13) H «w IS leaching solution level in a filling well (m), W is capacity of the filling well

(md), wa is flow rate of the leaching solutions falling into the filling well (m3/h), QOb is the leaching
solutions flow rate from the filling well into the ore body through the well filter (m%/h). If the filling well's
flow rate equals the ore body's flow rate (wa :Qob), then the filling well's level remains stable
(wa = constant). The pressure generated by the filling well during steady-state operation is

calculated as follows:
P..=H.00. (14)

The model of the depth pump is based on the pressure characteristic it generates, and takes the
following form:

AI:)pw = ao + aiQpW + a2Q2 pw + a3Q3 pw* (15)

In equations (14)-(15) AP, is pressure created by the pump (atm), pr is flow rate (m3h),

d,, &, d,,d, are coefficients of approximating. As a control criterion, the index reflecting the gradient
of the pressure in the ore body from the pumping to the pumping well was selected, we write down the
expression for the technological chain: a quench well, an ore body, a pumping well. Calculation of the
pressure drop on the ore body was carried out according to the following scheme:
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AR, =Ry - Qy; (16)

AP, =P, —P,.; (17)

I:)ypw :(Hob + HO)pg’ (18)
1

Ho =|Po — Pe|—= 19

0 =|Pusa =P P (19)

in (16)-(19) AP

yow IS pressure on the sump of the depth pump (atm), H0 is height of equilibrium point

(m), Pmsd is pressure at the mouth of the depth pump (atm), . is pressure of the column of liquid in the

pumping well (atm). The issues related to ISL for extraction, the current state and description of the
technology, and its connection to management challenges are critically important. The article examines the
presence of optimal pressure in pumping wells based on select criteria. It addresses finding the required
flow rate at injection wells to ensure maximum productivity of the solution at the output. The study also
involves determining the initial hydrodynamic parameters of wells and layers after specialized assessments,
using deep well measurement instruments and information measuring tools for verification. The research
focuses on simulating, predicting, and managing the ISL process for uranium by collecting relevant data.
Using the Comsol Multiphysics software package, digital simulations of uranium ISL are conducted. The
autors’ previous studies evaluated key hydrodynamic characteristics of wells and layers, such as resistance
coefficients and saturation recovery. This work, however, is connected with identifying changes in
technological variables during operational processes in wells.

According to [4]-[5], with the ISL of metals, the question of the magnitude of the pressure at the
pumping wells remains unresolved. So, with its increase, the production rate of wells increases, but the
productivity of the solution at the outlet decreases. And with a decrease in pressure, the proportion of wells
with which the concentration of metal in the productive solution increases decreases proportionately, but
the rate of filtration of the solution decreases and, consequently, the rate of leaching of the metal. In this
regard, there seems to be an optimal pressure on the pumping wells according to the selected criterion. The
model provides a solution for such a required flow rate for a quench well providing the maximum output
of the solution. In above research, the account of porosity level of the environment apparently led to the
fact that the continuity equation for the continuous flow of homogeneous fluid:

%P+ div( o) =0, (20)
will take the form
a(gf’) +div(pW) =0, 1)

In (20)-(21) W is the filtration velocity vector. Regarding the Euler equations of motion, in the theory
of filtration there are a number of assumptions that allow recoursing to Darcy’s law:

LS
7

In equation (22) p — density, P — pressure, g — acceleration of gravity, u — dynamic viscosity, k —

W=-2gradP; P=P+pgL. (22)

permeability, P - total pressure, L - well depth. The results of these articles, the technique for automated
well placement has been developed, as well as the method for determining the optimal hexagonal well
pattern. It has been emphasized that this technique can be applied to any reactive transport model of
underground leaching, regardless of its complexity, taking into account gravity, clogging, and other
chemical components.

The aim of studies [6] and [7] is to develop efficient well placement methods and manage operations
for uranium extraction using the ISL method, as well as to determine the productivity of well networks.
Production efficiency depends on the following factors: optimally selected operational regimes of the
chosen well networks, including flow rates and well placement, as well as natural factors such as layer
filtration properties, mineralization geometry, and concentration. In the ISL process, certain parts of the
mineralization may perform inefficiently due to unique permeability and mineralization geometry, leading
to oxidation with the leaching solution, formation of stagnant zones, or the spread of the solution beyond

2025 N28(1) INTERNATIONAL JOURNAL OF THEORETICAL AND APPLIED ISSUES OF DIGITAL TECHNOLOGIES ISSN 2181-3086




Review of research on mathematical modeling of the process of in-situ leaching of ...

the operational block. For effective resource development, optimal well placement is determined based on
balance zones (i.e., useful zones for extraction), results of hydrodynamic and reactive transport simulations,
and economic assessments. Additionally, studies have explored graphics processing unit accelerated
modeling of the uranium ISL process and Streamline-based reactive transport simulation. Over time,
changes in flow rates within wells increase computational time, making simulation of the ISL process a
resource-intensive challenge. The flow of leaching solution within porous media was governed by the mass
conservation law and Darcy's law:

a(gtp‘) +div(pt) =0; (23)

QU =—%(grad(p)+ p.g). (24)

By applying the Darcy's Law in to the mass balance equation autors had been obtained the following
hydraulic head equation:

(K gk op, q
dlv{ rad ]+ L=——", (25)
1 9d(p) |+~ e =y
where, 0 =>"0,, +0,, =0 with q is a quantity representing flow rates at well filters. Due to the fact

that hexavalent uranium oxides dissolve better in sulfuric acid water solution, the reaction equation was
written in following generalized form:

R+M —> P+W. (26)

Reactive transport model of solution and dissolution of solid mineral was written in the following form:
ADP) V(o) =V *(pDVE) +W, @)

a((létgp)cl) _W’ (28)

where, w=—KC_C,, characterizes change in mineral concentration as a result of reactant reacting with

mineral. For detailed chemical kinetics equations (27) and (28) were expanded for each particular liquid
and solid components.

In the extraction of ore from uranium deposits using the ISL method, the contributions of eastern
countries scientists are significant, as demonstrated by several studies [8-12]. In [8], the hydrodynamics of
groundwater in two adjacent well sites were simulated under various pumping-to-injection ratios. The goal
is to determine the optimal ratio that prevents interaction between the groundwater flows of the two wells.
Additionally, the sulfur isotope composition of groundwater in the two well sites is analyzed to verify the
simulation results. The findings indicated that the flow rate at different points outside the edge of the drilling
hole increased exponentially with the distance between the point and the edge. The flow line gradually
extended beyond the drilling area as the leaching time increased. An optimal pumping-to-injection ratio of
1.003 was identified. After five years of leaching, the maximum distance between the moving front and the
injection well reached 28.44 meters, demonstrating effective control of groundwater flow fields in the two
wells. The process of ISL of uranium, the transport of groundwater in the ore-bearing aquifer is a confined
three-dimensional unsteady flow, it could be described by the following differential equation:

%{KX%—;‘}% Ky%_'}%{&%—g}qs:ss%', (29)
with the initial condition was given by (2) equation and boundary condition:
H(x,y,z,t)=H;; (xy,2)el,,
H(x,y,z,t)=H,; (X,y,2)eL,,

OH _ .
ﬁ—O, (x,y,2) e L. (31)

(30)
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In (29)-(31) S, [1/m] is the specific storage, K[m/d] is the hydraulic conductivity, H [M] is the
water head at point (X, Y,Z) attime t, g [l/d} is the source/sink term, which is the volume flows into
or out of a unit volume aquifer, H,[m)] is the initial water head, H1 [m] is the initial groundwater head at

the upstream well-site boundary |_l , H2 [m] is the water head at the downstream well-site boundary L2

, n is the normal direction of the barrier boundary. Utilizing simulated groundwater level data, the
groundwater flow velocity field at the well site could be determined using the following formula:

AV:KJ_—
Ar
j j
' AT,
AV
2

j 1 j
T =At"+At* +--+At;
where, AI’j is the distance between the centers of a calculation unit and its adjacent computing unit (m),
AVJ. is the flow velocity of groundwater in two adjacent units (m/d), At ; s the time that water flows from

one unit to its adjacent unit (d), | is the hydraulic gradient between two adjacent units, TJ. is the time that

water flows from a borehole to the j th unit (d).

In [9], the focus was on rationally controlling the leaching range, a critical indicator of the ISL process
for uranium. However, optimal control technology is currently unavailable. To test and improve current
control technologies in the industry, this study proposed an injection control regime for small flows around
the well field. It developed a hydrodynamic model of the leaching range for eight different pumping and
injection scenarios using groundwater modeling systems. The following mathematical model was
considered in this research:

s(t)=s,+S,+---+S,, (33)

0= 277 T[QW(4 alt— g)J+Q2 (4a([12—t2)] +QW(4 (tzt)ﬂ 9

2
when ( Iy ] approaches infinitely small, autors got:

4at

2.25a(t - 2.25a(t -t 2.25a(t-t
rg t1)+Q2In—g 2)+---+inn—rg )

1 2 n

s(t) = 7] 71zT {Ql In } (35)

where, Qi is the flow rate of i-th well in the well-site, I is the actual distance from i-th drill well in the

well-site to boundry point p, T is the specific moment for calculating the water level drawdown at the
boundry point p, {; is the specific moments when i-th drilling well in the well-site start to extract fluid,
i=1n.

Study [10] described the ISL technology as a method for uranium mining where a chemical solution is
injected through boreholes into ore-bearing layers. The solution moves along the ore layer under hydraulic
gradient control and reacts with the ore, forming a uranium-containing solution. To minimize dead zones
in the leaching process, each pumping and injection unit must achieve uniform leaching by the end of
production. Furthermore, appropriate pumping and injection regimes should be established for each unit’s

wells in the mining area. According to the percolation zone filled with liquid, mathematical modeling of
this research:

Aq=—| pv)  9(pvy) | 3(pv.) | \yayazat,

ox oy oz (39)
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0
AQ= ﬁ[ PNAXAYAZ AL, @37)
from (36) and (37) it follows that:

| apvy) , 9pvy) | 3(pvy)
OX oy 0z

The seepage-dispersed solute transport equation describing the internal source-sink term:

o(nC) __ 0 . 0 _oC

0
}AxAyAzAt = a[ PNAXAYAZ At (38)

In equation (39), the left side was the term of solute change with time, and the three terms on the right
correspond to the solute seepage migration term, the dispersion migration term, and the source-sink term,
respectively:

+aTV U“’ + D, (40)

where, U,,U,,U, are percolation velocity components, O is density of liquid, Aq is the total mass

D=aL, +aTH

difference between inflow and outflow within difference of time At n is porosity, D is the diffusion
coefficient, &, , &, , (&, are the dispersion of the solute in the vertical, horizontal, and vertical directions

of the solution flow direction, respectively, and have the dimension of length, U, Uy, ,U,, are the seepage

velocity of water in the three respective directions, |U| is the modulus of the seepage velocity vector; D:

is the effective molecular diffusion coefficient.

The research [11] in focused on the quantitative analysis of the impact of natural groundwater flowing
into the flow field of ISL mines. A computational method has been developed to assess the effects of natural
groundwater on the productivity of pumping wells in uranium ISL. The study establishes the “natural
groundwater flow ratio” and corresponding formulas. Results showed that the variation in this ratio across
different production stages of a mine or a single pumping well could be obtained using digital simulation
of the mining area and neutral solution concentration values. Regulating the state, length, and injection
regime of the filters in the leaching mine could control the amount of natural groundwater inflow, reducing
fluid exchange between the leaching flow field and natural groundwater. The leaching range is crucial for
leaching efficiency, production costs, and environmental impact. The MM of the work closely resembles
the (29) equation, although some discrepancies exist. Instead of variable S, x is used, initial condition is not
differed from (2), and boundry conditionsis similar to (31). The solute transport equation is:

0 0 0 oC
ax (qu) ay (qu) az (qZC) + qSCS 9 5’[ ’ (41)
with initial condition was as (5), and boundry conditions was C =0.

In [12], the dynamics of groundwater in a well site under various process parameters (e.g., drilling area
and pumping-to-injection ratio) were simulated to determine the leaching range. The study also examined
the control factors, evolution rules, and boundaries of leaching. Results has been revealed a specific water
level depth outside the injection borehole, referred to as the "stagnation point,” where the hydraulic gradient
was zero. This indicate the furthest point to which the leaching solution could travel beyond the borehole.
The connection line of all stagnation points quantitatively define the outer boundary of the leaching range
from a hydrodynamic perspective. Reducing the spacing between wells increased the drawdown of
groundwater and slightly expand the distance between the stagnation point and the edge injection well,
marginally increasing the leaching range’s outer boundary. However, increasing the pumping-to-injection
ratio significantly reduced the leaching range’s outer boundary. The MM of the work, initial condition and
boundary condition exactly the same with [8]. These articles propose a method for quantitatively assessing
the impact of natural groundwater on the production efficiency of pumping wells used for in situ uranium
leaching. It has been shown that the concentration of the neutral solution extracted by each pumping well
at different time intervals can be determined through numerical modeling of mining areas. Subsequently,
based on the modeling results, the variations in the "flow ratio of groundwater" in mining areas or individual
pumping wells at different production stages have been identified.
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[13] article conducted on complex, highly interconnected technical systems (e.g., series-well — pump
stations — reagent concentrations, etc.) that encompass multiple subsystems within technological washing
processes. It has been demonstrated that all these subsystems are interconnected, and a disruption in the
technological regime of at least one subsystem could led to the complete shutdown of the entire operational
cycle. Therefore, significant attention was currently being paid to progressive methods for developing
multi-component systems, one of which is the ISL method. Compared to other methods, the method is the
most cost-effective and environmentally friendly approach, as its application does not lead to environmental
degradation. This method is also widely used in the uranium mining industry, which holds high economic
importance. The demand for energy derived from uranium, its primary source, is steadily increasing. This
consideration highlights the importance of scientific research into effective methods for extracting valuable
metals, particularly the application of the self-leaching process. The dissolution of useful components in
the ground and the subsequent movement of the resulting compounds occur primarily in accordance with
the laws of hydrodynamics, mass transfer, and chemical Kinetics. The complexity of processes occurring
under actual underground conditions necessitates the development of mathematical models and software to
study the entire cycle of underground processes under real conditions and to make decisions aligned with
objective management considerations. The primary goal of creating these models is to describe and predict
specific objects and technological processes. Models and specific algorithms based on the mathematical
interpretation of the problem assist in finding the necessary information for decision-making. Thus,
developing models to address problems related to analysis and decision-making in managing technological
ISL processes for ore extraction, as well as creating the corresponding computational algorithms and
software, is highly relevant today. Its MM looks like (1) first-order partial differential equation with initial
and boundary conditions are correspondingly (2) and (3). Following the resolution of problem (1) and the
determination of head H, the filtration rate is calculated using Darcy’s law (24). The reservoir's useful
component concentration is determined using the convective diffusion equation. In this purpose (4)-(11)
equations were used. The convective diffusion equation is considered to determine the concentration of a
useful component in the reservoir:

Q[D@%Q{D@J—a(\lxc)—a(VVC)—y(C—Cm)zm@ (42)

oxl - ox) oyl oy ) T ox oy ot
%Ny(c:) FCN,LT),  N(x»,0)=N,(x,y), @)
with initial, boundary and internal conditions:
C(xYy,0)=Cy;
oC _ _C.
(aa—n+(1—a)C) ) =y (X, y,1), C(xVyt) -G =C; (44)
oC _
an =0.

(x,y):(xj,yj)

In [14], the theoretical aspects of hydrodynamic processes in ISL for selective uranium extraction have
been examined. The influence of the initial filtration gradient on the flow process of underground water in
poorly permeable and poorly saturated uranium ores during selective uranium extraction into the solution
has been studied. The hydrodynamic parameters of ISL for uranium ores with low water saturation have
been analyzed. Equations and schematics for the consumption of injection and production wells used in the
selective uranium leaching process have been developed. Due to the law of straight-line filtration, the
consumption of water flowing into perfect wells is equal to:

Q=FK,J, (45)

where, F:27zxy, :%.

After substituting, the following differential equation was obtained:

—omxy K, Y
Q = 27rxy Kd, X (46)
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The influence of the initial filtration gradient on the flow process of underground water flow of poorly
permeable and poorly saturated uranium ores by the method of selective transfer of uranium to solution has
been studied and the equation is the equation for calculating the full flow rate of a perfect well.

If we come next [15] work, reactive transport modeling is known to be computationally intensive when
applied to 3D problems. An area of constant permeability with a uniform distribution of mineral-rock is
considered and divided into hexagonal cells with injection wells (in red) located at its vertices and a
pumping productive well at its center. Numerical modeling of the ISL requires finding solutions to a system
of partial differential equations and generally consists of two major steps: (i) estimating the pressure p [Pa]
and velocity u [m/s] fields using the Darcy’s law and conservation laws; (ii) solving the equations governing
mass transfer for the chemical components and the conservation of the solute mass:

lW=—%6m+ﬂgX (47)

pV(ug)=aq, (48)
where, ¢[m3-m-3] is porosity, k [m?] is the intrinsic permeability, x [Pas] is the dynamic viscosity,
pl[kg/mﬂ is the fluid density, g[m/sﬂ is the gravitational acceleration; V [1/m] is the gradient
operator, V[l/ m} is the divergence operator, and ( [kg/m3.sJ is the flow rate sources. The fluid

density and velocity are assumed to be spatially constant, so that p/ can be extracted from the divergence
term and the time derivative of the velocity is zero (51(U¢):0) in the conservation Eqation (48).

Substituting Equation (48) into (47) gives the following stationary pressure flow mass conservative
equation:

v<u¢)+v(f,(Vp+p.g)]=q*, (@)

with g =q/ p, [1/ s} is the reduced source term which is positive for injection or negative for pumping.

In the context of uranium mining using ISL methods, streamline-based simulations are utilized to calculate
the total UOs recovery after leaching, required amount acid volume, and process duration. The simulations
model the interactions between reagent and the uranium mineral, assuming simplified chemical kinetics of
dissolution. The streamline-based approach simplifies the complex 3D numerical problem into a set of 1D
numerical resolutions along the streamlines. By assuming constant average rock properties, ore grade, flow
velocity, and porosity within the studied domain, this work has derived a one-dimensional analytical
solution for the chemical concentration distribution along the streamlines.

In [16], a computational algorithm has been presented for simulating the evolution of the underground
heap leaching process for gold ore. The model incorporates physicochemical data, geometric and
operational parameters, such as the composition of the ore being dissolved, flow rates, and mixture
concentrations, passivation parameters, ore volume distribution, average residence time of the solution in
the heap, height, irrigated area, and weight of the ore in the heap. In this algorithm, the heap is divided into
horizontal and flat layers of constant area. Gold recovery, residual cyanide concentration, and the
enrichment of the saturated solution are calculated based on the interactions between these layers. A
simplified model describing the solid-liquid reaction under diffusive control is employed to compute these
variables. For each layer of the heap and each size class of the ore, the equation model is analytically solved
at each time step. The flow in the heap is assumed to be unidirectional at a constant volumetric velocity,
with concentrations of components in the flow varying over time. Axial and radial dispersions in the flow
are neglected. The simulation demonstrates that the number of layers has minimal impact on the results,
indicating the algorithm’s stability and robustness. The average residence time of the solution in the heap
and the apparent diffusion of cyanide through ore particles significantly affect the temporal evolution of
gold recovery and its concentration in the saturated solution. These parameters are crucial for calibrating
the model. When applied to an industrial case, the algorithm’s results showed that the model is adequate
for approximately predicting process efficiency. The MM of this problem:

r
Ovgéus = —Q—v (50)
HB OHB
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where, &, is the heap porosity, O, is the heap saturation, the average residence time of the solution in

the bed of heap, Q is the rate of irrigation in the haep, H 4 IS average heap height and S_HB is the average

heap area.

There are a huge number of chemical and physical processes associated with the interaction of liquid
and solid components. These processes include the ISL process of uranium, nickel, copper, precious metals
and other solid compounds studied. In this [17] work, the main idea is the presence of new conditions on
the free (unknown) boundary between the liquid and solid phases (“pore space - solid skeleton). These
conditions express the usual laws of conservation of mass and the derivation of a MM describing processes
at the macroscopic level. The proposed method allows us to study how the dynamics of the free boundary
depend on the propagation velocity of an inhomogeneous solution and external parameters (temperature,
pressure and concentration of reagents). The MM of research: let us present a microscopic model of the
leaching process. Let in dimensionless variables:

X. t. T . 0
X_)E’ t_)T’ U_)EU’ p—Lgp°p. (51)

The behavior of the fluid in the pore space €2 (t) was described by the Stokes system of equations:
a,Av—-Vp=0, (52)

where, p is pressure and U is speed of liquid. Let's use the continuity equation, where v=0 and the liquid
in the pores:

%p +V-(pyv)=0, (53)

where, ;((X,'[) is characteristic function of pore space.

The [18] research presents a MM describing the main hydrodynamic and physicochemical processes
that determined the change in the state of the ore-bearing horizon and the behavior of the components of
process solutions during sulfuric acid ISL of uranium. Hydrodynamic processes included changes in the
pressure of formation waters, convective mass transfer, and hydrodynamic dispersion. Physicochemical
processes include complexation, homogeneous and heterogeneous acid-base and oxidation-reduction
processes, sorption-desorption, and dissolution-precipitation of minerals. The ISL method is used to
develop exogenous uranium deposits in which the ore body is located in a highly permeable underground
aquifer (productive horizon).

Uranium was extracted from the ore body using a system of (pumping and injection) wells combined
into process units [19]. A leaching solution containing reagents capable of dissolving uranium minerals
enters the productive horizon through injection wells. As a result of the physicochemical interaction of
uranium minerals and host rocks with the leaching reagent, a uranium-containing productive solution is
formed in the underground aquifer, which is extracted to the surface using pumping wells. The development
of deposits using the ISL method has a lesser negative impact on the environment compared to traditional
mining methods. There are no subsidences and disturbances of the earth’s surface, dumps of off-balance
ores and waste rocks, or tailings storage facilities. However, when developing a deposit by the ISL method,
the productive horizon is contaminated with leaching reagents and the products of their interaction with the
host rock as a result of injection of process solutions [20]. To ensure the environmental safety of uranium
mining by the ISL method, it is necessary to predict the change in the state of the productive horizon and
the spread of pollutants during the development of the deposit and after its completion. A quantitative
forecast can be obtained using MM [21]. However, most studies on the MM of uranium ISL solve problems
of optimizing the operation of production units [22—-26]. There are few studies devoted to modeling the
migration of pollutants in the productive horizon after the completion of the development of a uranium
deposit by the ISL method, and they are based on a simplified approach to the description of
physicochemical processes [19, 27], which reduces the accuracy of the forecast. In this regard, the
development of a MM that adequately describes the change in the state of the productive horizon and the
behavior of pollutants during the process of uranium mining by the ISL method and after its completion is
relevant.

In [28], ISL was a mining technique that extracts ore deposits without surface excavation. This process
selectively transfers natural uranium ions into a productive solution within the subsurface. Wells were
drilled into the ore body, leaching solution was injected, and the resulting metal-laden solution was pumped
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to the surface for processing. A schematic representation of the governing reaction describing uranium
leaching via sulfuric acid solution was presented in:

UQo, +H,SO, =UO,SO, + H,0. (54)
The useful element exchanged from solid form to liquid phase in reaction:
V.M +v,R=v,P+v,w, (55)

where, M is gram-molecula of mineral (uranium) in solid phase, R is gram-molecula of reagent (sulfatic
acid), P is gram-molecula of useful element of dissolved uranium, W is gram-molecula of by-product in

liquid phase, V,,V,,,V,V,, are stoichiometric coefficient of reagent, mineral, useful element and water,

correspondingly. The system of equation was considered with following conditions: the medium was
homogeneous and isotropic, the density of solution and layer were constant, and solution flow on the layer
border didn’t exist. Then this filtration process was described by conservation law and Darcy law:

div\7+_nzqui5(i+x):0, (56)

V =—K-gradH. (57)

By substituting equation (56) into equation (57) and utilizing the relationship h= p/pg , autors
derived the equation for hydrodynamic pressure h within the layer, expressed as following:

L e T (S S

where, p isliquid density, K., K, K,, are filtratsion coefficient (permeability) in the direction of x,y,z

xx 1

respectively:

8(;'“ =—y¢CiC,C,, (59)

a‘gtcr =div(sDgradC, -V C, —v,eC?C,C, -

_ (60)
_%‘, q5(xd ) yd , Z)Cr +Z qa(x_ XO’ y_ yO’ Z)!
p

9% = div(=DgradC, -VC, ) +vCiC,C, ~Xa0(X %, Y~ o 2)C,. (61
p
where:
7_Cm. 7_Cr. 7_C . — VrR. _VPP
“=cr CTor STy YWEum VTuwm

C,, is concentration of uranium, C? is initial content of mineral in layer; Cr is concentration of

m

sulfatic acid in mixitura, Cr is concentration of reagent on producing well, Cp is concentration of useful

element (uranium) in mixture, V' is filtration rate; q is debit of well, £ is porosity of layer, ¥ is coefficient,

characterizing reaction rate, D « is hydrodynamic dispersion coefficient, defined as:

i,

Dxxza'uz aV oW +D D, 0‘| Lo atW2+D
UV URRVREY )
D_QIW atvz

NV N\

uv
ny = (al -

y—+D
V|
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where, ¢ is longitudinal dispersive and , is transverse dispersive.
Equations (59)-(61) were solved by initial and boundary conditions:

Cm‘ =C?; C| =C¢ Cp‘ =CJ;
t=0 t=0 t=0
Cm‘szo; CrS:O; C,| =0.

(63)

P‘s

The differential equation for hydraulic head (58) was solved by over relaxation iterative method. The
filtration rate was defined from Darcy law using computed solution of head pressure. And transfer equation
of reagent concentration in liquid phase (60), equation of useful element concentration in solid phase (59),
and its transition to liquid phase (61) were solved by “Classics” scheme with upstream difference.

3 CONCLUSION

To conduct a comprehensive study, monitoring and forecasting of the state of ore deposits during the
in-situ leaching process, it is necessary to develop new and improve the existing nonlinear mathematical
models, efficient numerical methods and algorithms for solving a class of mass transfer problems in
complex systems.

Based on a detailed analysis of literary sources, the task of further research is, development of
geoinformation and hydrogeological models and a database necessary for the development of nonlinear
mathematical models of the in-situ leaching process for the development of ore deposits, creation of a
constructive system methodology for mathematical modeling of nonlinear complex dynamic problems of
mass and heat transfer in ore deposits, development of nonlinear multidimensional mathematical models of
in-situ leaching processes in complex multilayer porous media taking into account the hydrochemical
properties of ore deposits, improvement of mathematical models of the in-situ leaching process in complex
multilayer ore media taking into account the hydrochemical properties of the deposit, maintaining the
ecological balance during mining, development of numerical algorithms and software environments for
solving problems of the underground leaching process in complex multi-layered ore deposits, development
of an effective numerical algorithm for solving the problem of the underground leaching process using the
physical splitting method.
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OB30P UCCJIEJOBAHUI 110 MATEMATHUYECKOMY
MOJAEJINPOBAHUIO ITPOLHECCA ITOA3EMHOI'O BBIIINEJJAYNBAHUA
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Annotanusi. B pabote paccMmaTpuBaeTcst pe3romMe NpojesaHHON paboThl 10 MPUMEHEHHIO
METOJIOB MOJ3eMHON J0OBIYM TpW 3aKiIafKe PYAHBIX MecTopoxkaeHud. Kpome Toro,
NPUBOAMTCSI OCHOBHAsI MH(pOpMAIMs I OyAYIIUX HCCIIEJ0BaHUN. AHANIN3 IMPOBEACHHBIX
YHCJIEHHBIX pAacyueToOB I[OKa3aj, 4YTO Ha HayaJlbHOM JTamne pa3pabOTKH pPYIHOTO
MECTOPOXKJCHUS aKTHBHAsI PeaKiis peareHra, NoJAaBaeMoro ¢ MOMOLIBI0 HarHETaTeIbHBIX
CKB&)XUH, TPOWCXOIHUT BOKPYI CKB&XHH, W KaK ITOKa3bIBAIOT YHCIICHHBIC pacueThl B
KOMITBIOTEPHOH CHCTEME, 3Ta 001aCTh pacIIMPSETCs C TEYEHHEM BPEMEHH B 3aBUCHMOCTH OT
MPOHUIIAEMOCTH W TIOPUCTOCTH PYJHOTO MECTOPOXKICHHA. B 3TOM unccienoBaHWN
oOmmpHEI 0030p JHTEpaTYpsl M aHATU3 TMPOOENIOB HWCHONB3YIOTCS [UIS BBIABICHHS
OTpaHUYEHUN M BO3MOXKHOCTEH JUIsl JAJIbHEHIIEro HCCIENOBaHHUS METOJA IMOA3EMHOI0
BeiienaunBanus (I1B) mis noObuu pyabl M0 KOMIUIEKCHOMY TIAHUPOBaHHIO pa3pabOTKU
pecypcoB. boiee Toro, Hamiel LeNblO SIBISETCS COBEPIIECHCTBOBAHHE METOAOB JOOBIYM
Pa3IMYHbIX MOJIE3HBIX UCKOMAEMBIX METOJOM MOA3EMHOT'0 BhILIEIaYHBaHUS M CO3IaHHE IS
HEero MaTeMaTH4ecKOH MOJENM Ha OCHOBE BBIMOJHEHHOW padoThl. CuuraeM, 4To N00bIYa
TMIOJIE3HBIX UCKOIMAEMBIX, 0COOEHHO Py, Bcerna Oblia U OyeT akTyallbHOM SKOHOMUYECKON
U nojutuueckoil mpobnemoit. [ToaTomy cnpoc Ha uccienoBaHust B 3TOW obnacth Oyzaer
MPOJOJIKATH PACTH.

KiroueBnle cioBa: MNOJA3CEMHOC BbIINICIIAYUBAHUE, MATEMaTHYCCKad MOJCIb, IIPOLECC
)10651‘{1/[, MOACIUPOBAHUC, MECCTOPOKACHUEC YpaHa, 3aKOH I[apcn.
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