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Abstract. Usually, the complete system of thermoelasticity equations consists of
the equation of motion, the Dugamel-Neumann relations, the Cauchy relation, and the
heat influx equation. In this case, usually the boundary value problem is reduced to a
system of differential equations for displacements and temperature with the
corresponding initial and boundary conditions. Coupled thermoelasticity problems can
be formulated in both stress and temperature, but this requires the second order of
smoothness of the stress tensor. In this regard, there is an additional condition regarding
stress. In this paper, the coupled problems of thermoelasticity are proposed to be
considered on the basis of the equations of motion, the continuity equation, the Dugamel-
Neumann relation, and the heat influx equation. In this case, a system of three interrelated
equations for stress, velocity and temperature was obtained. Based on this system, the
problem of the stress-strain state of a homogeneous semi-infinite thermoelastic rod under
the action of a dynamic thermomechanical load applied to the end of the rod is
considered. The exact analytical solution was obtained by the continuation method
followed by the application of the Laplace and Fourier integral transformations. The
asymptotic behavior of the stress is studied for small and large values of time. The
propagation velocity of a thermoelastic wave has also been studied. Numerical
calculations are carried out, the qualitative and quantitative nature of the mutual
influence of temperature on the distribution of stresses and velocities of the rod sections
is analyzed.

Keywords: stress, temperature, velocity, rod, coupled problem, Fourier and
Laplace transforms.

I. INTRODUCTION problems of thermoelasticity. One of the
options for taking into account the
The study of the process of defor- jnfluence of heat is the use of the classical

mation of structures and their elements,  gquation of heat conduction - an equation
taking into account thermal and of parabolic type.

mechanical effects, is an urgent problem It should be noted that the classical heat
in the solid mechanics. Usually, boundary - gquation based on the Fourier hypothesis
value problems describing the process of 44t the proportionality of the heat flux
thermomechanical deformation consist of to the temperature gradient leads to
the equation of motion, the Dugamel— jnfinity of the propagation velocity of
Neumann relation, the Cauchy refation,  hermal perturbations, which contradicts
the heat influx equation with the  ne fundamental physical laws [1]. In this
corresponding initial and boundary regard, over the past three decades,
conditions, and are usually called coupled various models have been proposed that
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are described by a hyperbolic type
equation or an equation of a higher order
[6, 7, 11, 24, 30, 31]. As noted in [30, 34],
the equations of heat propagation of the
hyperbolic type also generate paradoxes
(violation of the law of conservation of
energy). The paradox of solving the
classical heat equation is of a qualitative
nature. In fact, at any finite time in some
finite region near the heat source, a
practically  significant change in
temperature occurs.

ar _ , O°T

For example, if there is an
instantaneous heating of the end of a semi-
infinite rod, then for any fixed value of
time there is a finite distance at which the
temperature will differ little from the
initial one with the required accuracy.
Indeed, in this case, the temperature
distribution T (X,t) is described by the

solution of the following problem:

—5,0<X <o, t>0,

a
ot ox

T(X,O) :TO = ConSt ’T(O’t) :Tl = ConSt!T(X;t)L—)oo :TOl

where a,” — temperature coefficient of

conductivity. As is known, the solution to
this problem has the form

X
T(x,t)=T, +(T. -T,)erfc (——=),
X)) =T, +(T,-T,) (ZaT\/t_)
T(x,t)—Tole—T0 erfe( X

T T zaT\/_

can be calculated with the accepted
accuracy T(x,t)=T,. In this case, the

curves on which the equality holds can be
considered as a heat propagation front.
According to the theory of linear

Ll <<1. Therefore, it

thermoelasticity

0
X

can be assumed that erfc( t) <0.01.

2a;
X
2aT\/f
erfcz is a decreasing function and
erfc(1.8214) =0.01. Therefore, with an

allowable error x=3.64284aTJf, the

results of the calculations performed in
this work (Fig. 4, Fig. 5) can also be taken
as the heat propagation front.

Equality holds if =1.8214 because
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erfcz = “de.

2 [e
\/; z

Let the permissible error be no more
than 0.1 percent, then in the area where the
inequality is satisfied

X T

t)sO.OOl, erfc(—=) <0.001—>—.

2a.t T,-T,

To date, there are quite a few works
devoted to various problems of
thermoelasticity based on one or another
model of heat influx. Coupled problems of
thermoelasticity within the framework of
thermodynamic laws on displacements
and temperature were considered in the
works of M. Biot [1], V. Novatsky [2],
I.K. Shevchenko [3], Karnaukhova [4]
and others [5-8].

Analytical solutions of thermoelastic
problems of the generalized theory of
thermoelasticity for semi-infinite regions
were obtained in the following works [8-
12]. Numerical methods for solving
coupled thermoelastic boundary value
problems based on finite difference
methods are considered in [15,16,21]. The
papers [32, 33] studied the thermo-
mechanical state of a functionally graded
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hollow sphere and disk under the action of
thermomechanical loads. The analytical
solution obtained using the Laplace
transform is compared with the numerical
results of the finite element method. In
[20], an analytical solution of a plane
thermoelasticity problem for an ortho-
tropic half-plane was constructed by the
method of integral transformations.
Questions of variational formulations of
coupled problems, as well as taking into
account destructions, were studied in [13,
14]. The following works [17-19] are also
devoted to the numerical solution of one-
dimensional and two-dimensional coup-
led dynamic problems of thermoelasticity.

In this paper, within the framework of
linear thermoelasticity, we consider the
stress-strain state of a semi-infinite elastic
rod caused by a dynamic load applied to
the end of the rod and a change in
temperature at this end. The problem is
posed in stresses and its analytical
solution is found by the method of Laplace
and Fourier integral transformations. The
asymptotic behavior of stress and velocity
is studied for small and large values of
time. The propagation velocity of a
thermoelastic wave is revealed. Numerical
calculations are made, the qualitative and
quantitative nature of the mutual influence
of stress and temperature is analyzed.

The work consists of six sections. In
the second section, based on the equations
of linear thermoelasticity - the equation of
motion, the continuity equation for the
case of small deformations, the Dugamel-
Neumann relation and the heat influx
equation, a system of three interrelated
equations is obtained for stress, rod cross-
section velocity and temperature.

In the third section, the problem
statement is given. The solution method is
described: the method of continuation
with the subsequent application of the
Laplace and Fourier integral
transformations. The form of the desired

2023 N23(5) INTERNATIONAL JOURNAL OF THEORETICAL AND APPLIED ISSUES OF DIGITAL TECHNOLOGIES

Djumayozov U.Z.

functions is in the area of the Laplace and
Fourier transforms.

In the fourth section, the desired
functions are found - stresses, velocities
and temperatures by performing the
inverse Laplace and Fourier transforms.
The asymptotic behavior of the solution
for small and large values of time is
studied. Analytical solutions of the
problem are obtained for the case of
sudden loading and instantaneous heating,
with the help of which solutions are also
found for the general case.

In the fifth section, the case of
simultaneous  sudden loading and
instantaneous heating of the end of the rod
is considered in detail. A qualitative and
quantitative analysis of the mutual
influence of stress and temperature was
carried out both by appropriate estimates
and by analyzing the results of numerical
calculations, which are presented in the
form of graphs and tables.

1. BASIC EQUATIONS AND
RELATIONS

Consider the equation of motion for
uniaxial compression of the rod [22-25]:

o _ Oo

— == 1
p@t OX @)

where V(X,t) —velocity, o = oy, (X,t) —
stress, p —density. In the case of small

strains, it can be found from the continuity
equation [23] that:

o _0
> e (2)

where I,(g)— the first invariant of the

strain tensor.

The constitutive relation of the linear
thermoelasticity of the Dugamel-
Neumann law has the form [2, 23]

ISSN 2181-3086




A coupled problem in stresses on loading a homogeneous semi-infinite thermoelastic rod

oy = Al (&)6; +2us; —

©)
—(BA+2u)a(T —T,)5;,
or inverted
1
&ij :E[(l"‘ v)oy — (4)

1)1+ a(T —T,)5,

where A and 4 Lame parameters, o; —
Kronecker symbol, ¢&; — strain tensor

components; 1,(¢) and 1,(o) first
invariants of strain tensor and stress
tensor, E — Young's modulus, v—
Poisson's ratio, o — linear expansion
coefficient, T — absolute temperature,
T, — initial temperature value.

If, in the considered case of uniaxial
compression, we assume that:

01, =0, 0, =04=0,

()
E1=8, €y =8;3=0,
then (3) takes the form:
o=(A+2u)e—3aKo (6)

O=T-T

where o

2
K=1+= -
3,U

volumetric compression module. From
here:

o+3aK6
E=—m8—

pre il IORNC

Thus, if we neglect the lateral
deformation that occurs both under the
action of stress and due to temperature
changes, i.e., we assume that stress and
strain, as well as temperature, change only
along the axis of the rod, then Hooke's law
and its inversion, respectively, have the
form (6) and (7). Within the framework of
one-dimensional motion, to a certain
extent, the influence of deformation in the
lateral direction can be taken into account

if we consider the parameters averaged
over the sections of the rod
(displacements, stresses, etc.), for this we

will assume that o,, =0,0,,=0,, =0

and use the reversed Hooke's law in the
form (4). Then we have

&y = l[(1+ v)o -vl(o)]+ab = iG+a€,
E E
&y = —é0+a9, (8)

Eg = Lo+ af,

E

consequently,
1

l,(e) = = o(l-2v)+3ab. 9)
Substituting (9) into (3), we obtain:

A
ol- £ @-2v))=31ab+2us—3Kad,

since there are equalities

1-2a-20)= 1,
E 1+v
2u=—,

2
A-K=—=1y,
1+v 3”

(3) takes the form
o=E(e-ab). (10)

Assuming that the Fourier law takes
place, the heat influx equation is written as
[1-3]:

00 0

pcvgzk-AH—(3/l+2y)aTall(g), (11)

0=T-T,

where ¢, — specific heat, K — coefficient
of thermal conductivity.

The system of equations (1), (2) and
(11), taking into account (9) (or (7)) forms
a complete system of equations for three
functions o,V, 8. This system for small
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temperature changes ($<<1) after
0

substituting (9) into equations (2) and (11)
takes the form:

ov  Oc
N_9o 12
ot~ ox (12)
N_L1 2369 3
ox E ot ot
2
A
ot OX E ot
where
a, =1-2v,
3aT,K
Ay =——g——,
pC, +9a°KT,
k
al=—o.
PC,

I11. PROBLEM STATEMENT
AND SOLUTION METHOD

Formulation of the problem. It is
required to find a solution to the system of
equations (12) - (14) that satisfies the
following initial

o(xt)_, =0,
v(x,t)_, =0, (15)
0< Xx<oo,
O(x,t)|_,=0,0<x < (16)

and boundary conditions

0'(X,t)|X:O =—0,(t),

(17)

t>0, (og,(t)>0),
o(xt) =0, t>0, (18)
o(x.1)]_, =6,(t), t>0, (19)
o(x.t),_ =0, t>0. (20)

Using the continuation method [26],
we solve the formulated problem by
successively applying the Laplace

Djumayozov U.Z.

transform and the Fourier transform [27,
28]:

F(p)=[" f(t)ePdt,

D(1) = 1 j o(x)e #dx,

2z

where p - point in the complex plane.
These transformations will be written in
symbolic form, respectively

(21)

F(p)=f >f, dA)=gp—¢ (22

where the upper sign ~ means the Laplace
transform, and the upper sigh ~ means the
Fourier transform. In the considered
problem (12)-(14), (15)-(20) it is assumed
that the desired functions o(x,t),
v(x,t), 6(x,t) are defined for t >0 on the
half-line x>0. Let us extend these
functions to the half-line x <0 by odd and
even extensions as follows [26]:

5 {a(x,t), x>0,

—o(-x,1),x<0,

v :{v(x,t),x>0, 23)
v(—x,1),x <0,

o {H(X,t), x>0,
-0(-x,1),x<0.

At the same time, according to the
continuation method, instead of the
problem (12)-(14), (15)-(20), we obtain
the following problem for the functions
2(x,t), V(x,1), ©(x,t): find in the region

{X,t:—0<x<ow,t>0} the solution of
the following system of equations

ov oZ

A 24

P = (24)
ov 1 oz 00
C (@ +30EDD), (25
gl TeET) ()
e , 9’0 aa,dT
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satisfying the conditions

>—>0,V-0 650

27
for t—>0 u|x|—>oo (27)
2 x=+0 _z|x:70 = _20-(011:)1
V x=+0 _V|x:70 = 0’ (28)

L0~ 0_,=2000,1), t>0.
Applying successively the Laplace
transform and the Fourier transform to
equations (24) - (26) taking into account
conditions (27) - (28), we obtain

i16(0,t) —3apa,’

szﬂzmé(o,t)

PPV = —ids - \E 6(0,1) (29
T

iV :E(a1§+3a5<5)), (30)

(p+aTzﬂ,2)(5):—p%§+

+i \E a2 16(0,1),
T

by the method of elimination from (29)-

(31)

(31) we find that the 3 — stress image X
has the form

2

z |2 @’ E
- |22 ' i Lal=— (32)
T p2+12a7—3aa2% P
o, p+a,A
. x x . a2 p3

The functions V and ® are obtained p’ +/12——3aa2 =
by substituting (32) into (30) and (31). o p+a A
Further, performing the inverse Laplace ) p ,a’
and Fourier transforms, we find the =P (1-3aa, T212)+ﬂ“ o
functions Z(x,t), V(x,t), ©(x,t), which, where
for x>0, are solutions to the problem. p

1-3aaq, 5 =
IV. SOLUTION OF THE p+a;°4
212
PROBLEM :1—3aa2(1—%)z1—3aa2.
+

Asymptotics of the solution for small hat's wh P+ar
and large values of time. thats why , ,

As is known [27], small values of t 02+ 2 30a,— P~
correspond to large values of the o p+a A
parameter p of the Laplace transform, and a’

~ p’(1-3aa,) +A°—=
large values of t correspond to small ~p aq, o
values of the parameter p. Taking )
advantage of this, we first consider the =(1-3aa,)(p*+ A ——).
asymptotics of the voltage for small and o, (1-3aa,)

large values of the time t.
a) Small values of time. The
denominator in (32) can be represented as

Consequently, (32) takes the form

p? .5

IA6,(t) +3apa.
z::__\/za*z S,(t) Par D+
Vs p®+1%a?

(33)

ISSN 2181-3086
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where
6,(t) =—46(0,1),
g,(t) =6(0,1),
2 _ a’
" a(l-3aa,)
b) Large time values. In this case, the
approximate equality

3

2
2,222 _34q P
P a “p+aa’
2
_ p?(1-3aa,)+3aa, p?(1— w222 s
P800 B, () 22

) ,a
~ p‘(l-3aa,) ++A°—
o

Djumayozov U.Z.

From here and from (33) it follows that
both for small and for large values of t, the

stress image < has the form

(4 p) = A4 pioy) -

2 2.2 4 (34
_ ;3apaT@A2(ﬂ1 p;eo)
where
s 2 , A6, (1)
; 2p? A6t )
)= a’p’ iag,(t)

p+aii? p*+all?
according to the formula for inverting the
Fourier transform [28], we find:

f\(x,p;ao)=—\f o(t)\/;j'ﬂex'o( %) 47 =
/12+—

=—6,(t) = I
ﬂ. 0 /12 +
al
because it is easy to show

/15|n(/1x)

— exp(— |x|a£).

2
“?

According to the delay theorem [27],
we have the correspondence

6o () exp(—X L) 5 o (t—— JH (-,
a, a, a,

x>0

where H(t)— Heaviside

According to (35)
Alto)=-ot- -1 (37)

function.

in particular, if o,(t) = o, = const

O-Oc - 6-00 (p) = O-F(;C !

A(x,t:ooc)=—aocH(t—ai), (38)

s

x>0

2 ¢ Asin(Ax .
( 2) dAd ==0,(t) exp(—|

(36)
X2,

The original function ;12(/1,p;6?0) find

first for a special case 6,(t) =4, =const.

- : p
AZ(l’p’QOC):aTZpTaTZiZ.

i16,
= A (L1;6
p +a222 AZ( Oc)
Using the table correspondences of
each factor and the multiplication
theorem, we obtain the following
correspondence:
p 1
. —
p+a’l? p’+a’i’?

12 2
—> W[COS(l@t) -

—exp(—A%a’t) + —
p(— ) /Ia

T

—5sin(4a, t)]

consequently
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2.4
Lzz[cosua*t) —exp(-A2a’t) + %sin(la*t)]
ar

A(AL0, )= 16
AZ( Oc) Oc /143.-?4'1 a

*

from here, by the formula for inverting the
Fourier transform, we find

A(cos(Aat) —exp(-A2alt)) + 2 sin(Ja. )
4, 66,)==6, ai sin(Ax)dA  (39)
T

2
A7+ %
ar
Thus, as follows from (33), (37) and of t in the case of g,(t) =6, =const has

(39), the stresses at small and large values the form

o (X,1) = 0y (t—— JH(t— = ) — 0, (X,; 6.,
a. .

5 A(cos(Aa,t) —exp(-A2alt)) + izsin(/la*t) (40)
o,(xt;6,,) =3ab, pa’ —Jmo 5 a sin(Ax)d A
T 0 12 +a7*
al
generally where  A4,(x,p;6,,) the Laplace

/:12 (4,p;6,(p)) = ijz(g, p;6,.) — transform of the right side (39).
Oe Hence, since i, (x, p:6,(p) - 4,(x.1:6,(1)),
_)gz(x,p;go(p)):Mpgz(x,p;gw) with the help of the multiplication
oc theorem and the differentiation rule, the
original function [27], we obtain

1 0
4, (x,1;6,(1)) = aeo(t) ®aAz(xlt;90c) =
) A(cos(Aa.t) —exp(-A2a’r)) + a,; sin(Aa.r) (41)
t o .
== jo 6,(t—7) jo @ T sin(Ax)d Adr
a?

where ®— means function convolution. that the stresses in the general case has the
Thus, from (34), (37) and (41) it follows form

a(x,t)z—ao(t—é )H(t—é )—o,(xt:8,), 0<x<oo, t>0 )

o,(x,t;0,) =3apa’ A, (x.1;6,)

2023 N23(5) INTERNATIONAL JOURNAL OF THEORETICAL AND APPLIED ISSUES OF DIGITAL TECHNOLOGIES ISSN 2181-3086




where o,(x,t;6,)— describes the effect of

temperature on  stress  distribution;
A, (x,t;6,) isdetermined by formula (41).

Formula (42) for the stress was obtained
within the framework of one-dimensional
motion, taking into account the transverse
deformation (stresses, velocities, etc. are
considered to be averaged over the cross
section of the rod). In this case, the
propagation velocity of the thermoelastic
wave differs from the propagation

velocity of the elastic wave a=1/E/p
and has the form

, 1
a.=a m (43)

o(xt) =0, (t-2 Y HE -2 ) -0, (x,1;6,), 0<x<00,t>0;
C C

Djumayozov U.Z.

here, the effect of lateral deformation is
taken into account by parameter ¢, , and
the effect of temperature change by
parameters & and «,. In this case, the

effect of temperature in quantitative terms
is very insignificant, because

9a’T, K

=" 0 <<,
oC, +9a’KT,

3aa,

If we neglect the lateral deformation
and assume that the parameters of the
problem change only along the rod, and
the constitutive relation has the form (6),
then the stress is determined by the
formula

(44)

oy (X 6p) = a(A+2u) A (X, 6),

here A, (x,t;6,) isdetermined by formula
(41), in which a, is replaced by

oo A+2u
N\ p-3aa,)’
3aTl,K
a2 = —2
pC, +3a°KT,
where ¢— wave propagation velocity,
which, apparently, differs little from the
longitudinal wave propagation velocity.
The validity of formula (43) can be
verified by the method of characteristics.
The equations for determining the
characteristics have the form

N _do _

Pa ox

N %130, - 1,
@dt+@dx:0

ot OX
a—Gdtjta—adx:o

ot OX
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where it is taken into account that in equa-

tion (13) %11(3) can be represented as

O 1(e) =% 1-30e,) 2% + 1
ot E
) (46)
f =3axa 2%
Toox?

The characteristic equation of system
(45) has the form

p 0 0 -1
a
0 1 —El(l—Baaz) 0 _o.
dt dx 0 0
0 O dt dx

Calculating the determinant, we obtain
the equations of characteristics

(&) g
W p%-saa)
&*_ | E
dt pa,(1-3aa,)

ISSN 2181-3086
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where, as follows from (43), (46) and (47)

dx 1
—=ta [———— =*a,.
dt a,(1-3aa,)

The solution of equation (14) under
conditions (16), (19) and (20) has the form

2

o(x.t) = 6y(z)

alaz J' J‘

(€05

where o(x,t) is determined by formula
(42), G(x,&;t—7)— Green's function of
the first boundary value problem for the
heat equation. Note that (48) can also be
obtained from (31) using the formulas for
inverting the Fourier and Laplace
transforms. The first term in (48) is the
solution of the homogeneous heat
equation that satisfies the initial condition
and the boundary condition in the cross
section x=0.

X
2\/7r612 (t-7)°

X
exp(— 1a2(t—1) )dz — )

G (X, & t—r)d&dr

rod in the image area according to (30) has
the form

from here, by the inversion formulas,
using some properties of the Laplace and
Fourier transforms, we find an expression
for the velocity of the sections, which can
be represented as

v(x,t)=V,(X,t;0) +

The second term gives the change in (49)
. +V, (X, t;0,0) +V,(X,1;6),
temperature caused by the change in 2 (X 1,0, 0) +Va( )
stresses. The velocity of the sections of the ~ WWhere
V,(x,t;0) =—&H(t—i),
a, a,
A((cos(Aa, t) +exp(-A°a?
V,(x.t;0,0) =306, a, < j N i ar cos(Ax)d A
T 0 12+a7*
a
(50)
cos(Aa, t) —exp(-A%a’
+3aala2 E ca, - .[0 2 - cos(Ax)d A
AT+
a'T
ab), X2
V,(%,t;0) =-3—"La, ex .
(X, 1,0) = N p(- 46th)
Functions Vl(X,t;O'),VZ(X,t;O', 9) -temperature changes under the
and V,(x,t; ), on the right side of (49) ﬁsés;:icr:gt.ed influence of stress and sudden

describe the contribution to the value of
the speed of the sections of the rod,
respectively, from:

- sudden loading;
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In the case of boundary conditions (17)
and (19), the formula for the velocity can
be easily obtained similarly to (41)

O
=—+ab ol
e=_ta (51)
where o(X,t) is determined by formula

(42) or, in a particular case,
6,(t)=6,. =const by formula (40),

2

Djumayozov U.Z.

and O(x,t)— by formula (48). Thus,
solutions of problem (12)-14), (15)-(20)
(i.e., functions o(x,t), v(x,t) u 6(x,t) ),
valid for small and large values of time,
are obtained in the form (42), (48) and
(49).

Consider the solution of the problem
for an arbitrary value of time, assuming
that 3arer, <<1. In this case, there is an

approximate equality

3

p

a
p?+A°—-3aa, ——— =

a,

p+a’l?

2
=Kw+z?§xp+ﬁﬂﬁ—&nawkp+ﬁﬂﬁ1=

1

3 1_3 2 212 /12 12 /148'72 2
p°(L-3aa,)+ pTa;A”+p 0(+ aa‘T
_ 1 1 ~
(p+ard®)
2 2
p’+ p?aZi’+ pA’ & g a—aTZ ,
a o 2,24
* 2,2 =p +AT—
(p+a;d?) o
in this case, the stress image (32) takes the
form
2 p2 %)
~ o 146,(t) —3apa; — 5 146,(t)
i 22 ak L. (52
T al p2 +/12a7 p
a,

coinciding with (33), obtained for small
and large values of time, if in (33) &, is

replaced by a’/ a,. Therefore, with such

a change, solutions (42), (48) and (49)
obtained above are valid for arbitrary
values of time.

V. NUMERICAL
CALCULATIONS AND
DISCUSSION OF RESULTS

Calculations were carried out for the
case o,(t) =0, =const (sudden loading)

and 6,(t)=6,. =const (sudden heating)
according to formula (40). On fig. 1 shows

graphs of At)) depending on the
O

Oc

dimensionless distance X:%x for four
ar

a’t

time values t=—5=011255 at
aT

2
B, =32%PR" 102,03,
Oy
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Fig. 1. Curves 1,4,7,10 correspond to 4, =0.1; 2,5,8,11 - 5 =0.2; 3,6.9,12 -- 5 =0.3.

As an example, Table 1 shows the
numerical values of the dimensionless
stress corresponding to curve 4 in fig. 1.

Table 1. Numerical values of the dimensionless stress corresponding to curve 4 in

fig. 1

X 0 01 0.5 1-0 1+0 1.5 2 3 4
_o(xt)

Oy, 1 0.9986 09934 0.9985 0.0885 0.0467 0.0231 0.0043 0.0041

Let us consider in more detail the effect where
of sudden heating on the distribution of = 2 jw(écos(é?)+Sin(§t_))sin(§i) de
stress that has arisen during sudden b & +1 '
loading of the rod. The function y =ng§exp(—§2f))sin(§>-<)d§
o,(x,t;6,) in formula (40), which C ok &1
describe_s tr_le el_‘fect of tempera_lture on the 300, pa? . ait _ ax
stress distribution, can be written in the B = > o t 2 X=¥-
Oc T T

following dimensionless form

%) _ gy v (3)

O-Oc

In (53) y, can be reduced to table

integrals. Indeed, using the well-known
equalities

cos(&t)sin(EX) = %(sin(cf(i— 1) +sin(&(X+1)),

sin(&t)sin(éX) = % (cos(&(X—1) —cos(&(X+1))

and tabular values of the following
integrals [29]

= XSin bx

-[0 o + X

T

'[Oocczs—bxdx=—exp
0 x“+1 2

X = i%exp(—|bw|), (+ at b >0);

(~[b])
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we get

(CeosEDSINER) -
(f +1

ks

ks

It is easy to see that, taking into account
the last equalities, y, takes the form

y, = “IH(X-T). (54)

Thus, the effect of sudden heating on

stresses on stress is described by the
formula

£ 41

O-e (X’tl ) ﬁ e—\?—ﬂ H (f _ t_) _
O-Oc . . B (55)

g 2 [ EORE DISINGER),

trdo 41 '
where H(X-1t)- Heaviside function;
X—t =0 - thermoelastic wave front

equation. Consider the contribution of two

»M
0,2
0,2
07
0.6
0,5

0.3

0.5+

o,z
o1

(sin(ét)sin(& X)d§

Djumayozov U.Z.

—\x—ﬂ_ —|x+T]
( e ).

terms Sy, and S,y, in (53) to the stresses
change:

1) y1=eXP(—t_(tZ—1))H(Y—t_) nonzero at

any finite distance in the region ahead of
the thermoelastic wave front (X >1) and

atany finite time value y,| , — A3, but

éa1+0

decreases exponentially with increasing
t. The influence of the first term can be
noticeable only in a certain region
adjacent to the wave front from its front
side (Fig. 2).

N —
x

v v
=0 AL

T
&

=
w0 oo 120

2

Fig. 2. Curves 1,2,3,4 correspond to t = a_zt =1; 10; 30; 100
a

2) the contribution of the second term
is determined by the integral y,, which is

a function of dimensionless variables

ax u
a?

X = t= a_t At a fixed value of
al

-

’t
a7

first increases with an increase in X to a
certain maximum (decreases with an
increase in y,(z,x) ), then monoto-

nously decreasing tends to zero at X — o
(Fig. 3.)

time X = ut= , the function t

2|8
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Fig. 3. Curves 1,2,3 correspond to t =1;2;5

The contribution Ay,(7,x) to the
stress distribution can be neglected at

t >2-2.5. The validity of this statement
follows from the estimate

e exp(=&” sin(E R,y [ fexp(¢"9y. 1 [ exp(-&" D)y 2

~Jo

0 E2+1

where according to the table of integrals

[9]

I‘”Mdazr(o 7=
°  a+l '

— © e_ﬂ'
=-E(-D=[ 2
and hence vy,< 1 E,(-t), where
T
(0, 1) is an incomplete gamma function;

-2
—Ei(—Tt)z'[T GTdﬂ is an integral

X
o(x,t) =6, erfc(——=
(x8) = erfe(

&2 41 2

aa,

+0,, 2%
) Oc E

L A% J't 0o, (x,1;6,.)

E 7o ot

where

o, (% t:0,) = Ao, [ THE-T) 2
T

B = 3ab, pa,’
1 ’

Oy

c

The coefficient in front of the first

integral in (56) is small, since o, GEOC
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o £241

exponential ~ function that rapidly
decreases with increasing argument:

1 (CE(-25))=0.0079
T

calculations to determine the temperature
distribution are also made for the special
case o,(t) =0, =const and 6G,(t)=6,.,
=const when 6(x,t) is determined by the
formula

J.; G, (x,7a,;t—7)dr +
(56)

G, (x,&t—r)d&dr,

[ EO0CEDSINER),

0 £ 41
_ 3aT K

pe, +9a°KT,
<<1. The coefficient in front of the second

integral is a small value of a higher order,
since
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a,a o, 300,08, o
lE B0, =, FO OO_ <o, 2
Oc
Therefore, the third term on the right- deformation, i.e. with pure thermal
hand side of (56) is neglected in - : =
: (56) g . conductivity depending on X =&y for
calculations as a small value of a higher a?

T

order. On fig. 4 shows the graphs of the 2
temperature distribution without taking four times t‘:ak :0.1,1,2.5,5.

2
into account the influence of the rod a

o
6&
i

0,8
0,6

0,4

0,2

v

a’t
2

Fig. 4. Curves correspond to time values T = :0.1,1,2.5,5

aT
Figure 5 shows the temperature account the influence of the stress that has
distribution with and without taking into arisen during sudden heating.

(7]

(-

08 -
0,5

0,7

0.6 - \\

0,5 AN
W
0,4 - \\
] N
0,3 .
0,z - \g
f
0,1 - e
\'\xﬁ__ —
o 1 2 E 4 5 6 7 X

Fig. 5. Function graphs 6(X,5)/6,, : curve 1 - excluding, 2- taking into account the effect of stress on
t=a’t/a’ =5 for o,,q, /[E=0.02 (X =5 thermoelastic wave front)

As can be seen from the temperature
distribution graphs in fig. 4 and fig. 5, with

2023 N23(5) INTERNATIONAL JOURNAL OF THEORETICAL AND APPLIED ISSUES OF DIGITAL TECHNOLOGIES ISSN 2181-3086



A coupled problem in stresses on loading a homogeneous semi-infinite thermoelastic rod

a practically acceptable error, we can
assume that there is a temperature
propagation front.

V1. CONCLUSION

The following scientific results were
obtained in the work:

1. A coupled dynamic problem of
thermoelasticity under loading and
heating of a semi-infinite rod is

formulated, which consists of the
equations of motion, the continuity
equation, the Dugamel-Neumann

relations, and the heat inflow equation. A
system of three interrelated equations for
stresses, velocities, and temperatures is
obtained with the corresponding initial
and boundary conditions. In this case, in
contrast to existing works, it is not
required to introduce a boundary
condition with respect to the first
derivative of stresses.

2. The boundary value problem is
solved by the continuation method
followed by the application of the Laplace
and Fourier integral transformations.

3. An exact analytical solution of the
problem has been obtained:

- for small and large values of time;

- for arbitrary times provided by
3aa, <<1.

4. The influence of temperature on the
distribution of stress and velocity, as well
as the influence of the latter on the
distribution of temperature, has been
studied. In this case, we should especially
note the case of simultaneous sudden
loading and instantaneous heating, in
which the expression for the velocity is
obtained as the sum of three terms
describing the effect, respectively:

- sudden loading;

- temperature changes under the
coupled action of sudden loading and
instantaneous heating;

2023 N23(5) INTERNATIONAL JOURNAL OF THEORETICAL AND APPLIED ISSUES OF DIGITAL TECHNOLOGIES

- change in temperature due to thermal
conductivity  during instantaneous
heating. In this term, the singularity of the
solution of the heat equation manifests

1
itself in the form v(0,t) = O(t 2).

5. The effect of temperature on the
propagation velocity of a thermoelastic
wave is revealed. If transverse defor-
mation is taken into account within the
framework of one-dimensional motion
(stresses, velocities, etc. are considered to
be averaged over the cross section of the
rod), then the propagation velocity of a
thermoelastic wave differs from the
propagation velocity of an elastic wave
with a certain coefficient (very close in
value to unity), which takes into account
the influence of the lateral strain and
temperature. If we neglect the lateral
strains and assume that the parameters of
the problem change only along the rod,
then similarly, the propagation velocity of
a thermoelastic wave differs little from the
propagation velocity of a longitudinal
wave. Numerical calculations are made,
which are presented in the form of graphs.
A qualitative and quantitative analysis of
the results presented in the figures is
given.
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CBsA3AHHASA 3AJAYA O HAIIPSA)KEHUSAX ITPHU
HATI'PY>KEHUU OJHOPOJHOI'O NIOJTYBECKOHEYHOI'O
TEPMOYIIPYI'OI'O CTEP/KHSA

Jicymaézos V.3.1

1 Camapkanackuii punnan TamkeHTCKOro yHuBepcuTeTa HH(pOpMaImOHHBIX
TexHoJIorui uMeHn Myxammana an-Xope3mu, Camapkan, Y30ekucTaH
djumayozov@bk.ru

Annotanus. O0bIYHO NOIHAA cCUCEMA YPAGHEHUT MEPMOYNPY2OCIU COCMOUM U3
ypagueHus osudicenus, coomuouwlenuu /foeamens-Heiimana, coomnowenus Kowu u
VPABHEHUs1 Meni08020 Npumoka. B smom ciyuae obviuno kpaesas 3aoava c00umcsi K
cucmeme OuphepeHyuanbHblX YpasHeHull Ol nepemMewjerutl. u memnepamypbl ¢
COOMBEeMCMBYIOWUMU  HAYATLHBIMU U 2paHuyHbiMu yeaosuamu. CesasanHvle 3a0ayu
MEPMOYNPY2OCMU  MOJICHO — COPMYIUPOBAMb KAK 8 HANPSJICeHUU, mak u 8
memnepamype, Ho OJisL 9M020 mpedyemcs 6mopol NOpsi0OK 2AA0KOCHMU MEH30pPd
HanpsidiceHull. B ceéazu ¢ smum ecmb OoOnoiHumenvHoe YCiosue, Kacaroujeecs
Hanpsidicenusi. B 0annotl pabome ceészanuvie 3a0auu mepmoynpyeocmu npeoiacaencs
paccmampusams HA OCHOBe YPAGHEHUN OBUMNCEHUSl, VYPAGHEHUsl Hepa3pbleHOCHIU,
coomnowenus [roeamens-Heimana u ypasnenus mennogoeo npumoxa. [lpu smom 6vina
NOJYYEHA CUCmeMa mpex 83auUMOCEA3AHHBIX YPAGHEHU OISl HANPSICEHUsl, CKOPOCMU U
memnepamypsi. Ha ocnose smou cucmemvl paccmompena 3a0a4a 0 HANPSHCEHHO-
0ehoOpMUPOBAHHOM — COCMOSHUU  OOHOPOOHO20 NOJYOECKOHEUHO20 MEPMOYNPY2020
cmepoicHs  nod  OelcmeuemM  OUHAMUYECKOU — MePMOMEXAHUYeCKOl  HA2pY3KU,
NPUNOJHCEHHOU K KOHYYy cmepcus. Tounoe anmarumuyeckoe peuieHue OblIO NOJYYEHO
MEmMoOOM  NPOOOIANCEHUsI ¢ NOCAEOVIOWUM — NPUMEHEHUEeM  UHMEeZPAbHbIX
npeobpaszosanuti  Jlaniaca u Dypve. H3zyueno acumnmomuueckoe NogeoeHuUe
HANPANCEHUS NPU MANLIX U OONbUUX 3HAYEHUAX epemenu. H3yuena makace cKopocmy
Ppacnpocmpanenus — mepmoynpyeou  6onusl.  Ilpogedenvi  uucnienHvle  pacuemsl,
NPOAHATUZUPOBAH KAYECHEEHHbIN U KOIUUECMBEHHbIU XApaKmep 83AUMHO20 GIUAHUSA
memnepamypsi Ha pacnpeoenieHue HAnPAXCeHUll U CKOpOCmell ceueHutl Crmepi*CHs.

KuroueBble cioBa: wuanpsoicenue, memnepamypa, CKOpPOCMb, CMEPICEHD,
ceasannas 3adaua, npeobpasosanus Pypve u Jlannaca.
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